We propose a new estimator for the high-dimensional linear regression model with measurement error in the design where the number of coefficients is potentially larger than the sample size. The main novelty of our procedure is that the choice of penalty parameters is pivotal. The estimator is based on applying a self-normalization to the constraints that characterize the estimator. Importantly, we show how to cast the computation of the estimator as the solution of a convex program with second order cone constraints. This allows the use of algorithms with theoretical guarantees and enables reliable implementation. Under sparsity assumptions, we derive ℓq-rates of convergence and show that consistency can be achieved even if the number of regressors exceeds the sample size. We further provide a simple thresholded estimator that yields a provably sparse estimator with similar ℓ2 and ℓ1-rates of convergence.
We propose a new estimator for the high-dimensional linear regression model with measurement error in the design where the number of coefficients is potentially larger than the sample size. The main novelty of our procedure is that the choice of penalty parameters is pivotal. The estimator is based on applying a self-normalization to the constraints that characterize the estimator. Importantly, we show how to cast the computation of the estimator as the solution of a convex program with second order cone constraints. This allows the use of algorithms with theoretical guarantees and enables reliable implementation. Under sparsity assumptions, we derive ℓq-rates of convergence and show that consistency can be achieved even if the number of regressors exceeds the sample size. We further provide a simple thresholded estimator that yields a provably sparse estimator with similar ℓ2 and ℓ1-rates of convergence.
1. Introduction. In this paper, we consider the high-dimensional linear model with observation error in the design where we observe the response variable y i and the p-dimensional vector z i , and do not observe the covariates x i . The scalar errors ξ i are zero-mean independent random variables and (y i , z i ) are independent across i. The vector β 0 ∈ R p is a vector of unknown parameters to be estimated where the dimension p can be much larger than the sample size n. We assume that β 0 is s-sparse, that is it has at most s non-zero components. The errors in measurements w i are assumed to be zero-mean and independent of ξ i . We also assume that the error in measurement covariance matrix Γ = 1 n n i=1 E(w i w T i ) is diagonal and admits a data-driven estimatorΓ which is available in several applications as discussed below.
Model (1.1) is motivated by many applications where the covariates may have missing values or are observed with noise. For example, in the field of genomics, the gene expression measurements from microarray data are subject to measurement error. Another example is that of microbiome data where each observation vector has a significant proportion of missing components. Many other examples arise in empirical economics and finance, see [18] and [26] , and consumer surveys in marketing where random subsets of questions are selected for each consumer to reduce the length of the survey. In these settings a data-driven estimatorΓ can be constructed based on auxiliary data without measurement errors [25, 9] or even based on (y i , z i ) n i=1 alone as in the case of missing at random (as one can estimate the frequencies of missing components, see, e.g. [27, 2] ). It has been well-documented that ignoring this measurement error leads to biased parameter estimates even in the fixed p setting, see for example, [18] , [14] , and [24] . In the high-dimensional framework considered here it is also crucial to account for such measurement errors. In addition to potentially biased estimation, measurement errors can also impact variables selection performance and influence the choice of various penalty parameters, see [30] .
High-dimensional linear models with p ≫ n and measurement errors have been studied recently by [1] , [5] , [10] , [11] , [12] , [20] , [21] , [23] , [26] , [27] , [28] and [29] . The common thread 1 of these papers is to provide estimators along with the corresponding rates of convergence in different norms. Examples of proposed estimators 2 include the orthogonal matching pursuit as defined in [10] , the non-convex ℓ 1 -penalized regression studied in [23] and the conic programming estimator considered in [1] . In particular, under suitable conditions and appropriate choice of penalty parameters, some of these estimatorsβ can attain ℓ q -rates of convergence of the form (1.2) β − β 0 q ≤ C(1 + β 0 2 )s 1/q log p n , 1 ≤ q ≤ ∞,
where · q denotes the ℓ q -norm, and C > 0 is a constant independent of s, p and n. It is shown in [1] that these rates are minimax optimal. The rate in (1.2) highlights the impact of the errors in measurements via the ℓ 2 -norm term β 0 2 , which is not present in the case where covariates are observed without error, and the fact that consistency can be achieved in high-dimensional settings even if p ≫ n. However, estimators suggested in the literature rely on suitable choice of penalty parameters based on some specific knowledge of the model (1.1). To construct these estimators, the variance of the unobserved noise ξ i and the variance parameters of the measurement noise w i should typically be known. For some methods, in addition, one needs to have access to the number s of non-zero components or to the ℓ 2 -norm of β 0 . In this work, we propose a new estimator of the parameter β 0 in model (1.1) that achieves the optimal rates of convergence in ℓ q -norm under suitable condi-tions. Moreover, a simple thresholded version of the estimator achieves optimal sparsity, while retaining optimal convergence rates. The main novelty of our procedure is the pivotality of the penalty parameters, which makes the estimator particularly appealing for the practical applications. That is, the penalty parameters do not depend on the number of non-zero components, on the ℓ 2 -norm of β 0 , the variance parameter of the errors ξ i , nor on the variance parameters of the errors in the measurements w i . Furthermore, our estimator is a solution of a convex optimization problem.
Notation. Let J ⊆ {1, . . . , p} be a set of integers. We denote by |J| the cardinality of J. For a vector θ = (θ 1 , . . . , θ p ) T in R p , we denote by θ J the vector in R p whose j-th component satisfies (θ J ) j = θ j if j ∈ J, and (θ J ) j = 0 otherwise. We will call θ J the restriction of θ to J. We denote the ℓ q -norm of a vector v ∈ R p by v q . The number of non-zero components of a vector v ∈ R p is denoted by v 0 . A centered random variable ξ will be called zero-mean subgaussian with variance parameter σ 2 if E[exp(tξ)] ≤ exp(t 2 σ 2 /2) for all t ∈ R. A random vector w ∈ R n will be called zero-mean subgaussian with variance parameter σ 2 if all the random variables of the form v T w where v 2 = 1 are zero-mean subgaussian with variance parameter σ 2 . For a matrix A, we denote by A i· and A ·j its i-th row and j-th column, respectively. We denote by C, c, C ′ , c ′ positive constants that can be different on different occurencies.
Estimator via self-normalization.
Here we propose a pivotal estimator that does not require knowledge of typically unknown parameters. Our starting point is the moment condition that characterizes the vector of parameters β 0 in (1.1)
where the term Γβ 0 corrects the bias that arises from using the noisy covariates z instead of the unobserved x. The moment condition (2.1) combined with sparsity assumptions on β 0 motivates the use of penalized methods to cope with highdimensionality. We now describe the proposed estimation procedure. Let (β,t,û) be a solution of the constrained minimization problem
, and λ t , λ u , τ are positive tuning parameters set according to Theorem 1 below. As it is standard in the literature, the statistics (Γ jj ) p j=1 are given estimators of the diagonal elements of matrix Γ with b ǫ being a bound on its precision satisfying, for any n,
where ǫ ∈ (0, 1) is a given number. We useβ as an estimator of β 0 and we call it the self-normalized conic estimator. The proposed method has a self-normalization feature, which is related to the square-root Lasso [4, 7, 31] , the STIV estimator [15] and the self-tuned Dantzig estimator [17] . The use of self normalization in high dimensional linear models have been first proposed in [3] via carefully constructed weights. A key point of our estimator here is the direct use of self-normalization in the moment condition (2.1), cf. the second line of constraints in (2.3), instead of working with one scalar noise level as self-normalization quantity. Similar idea was used in the context of instrumental variable regression, cf. (9.22) in [15] , as well as in [16] that deals with linear model with no measurement errors and studies a program close to (2.2) -
3) is a tractable convex optimization problem with linear and second order cone constraints, for which computationally efficient solvers exist. In particular, we used the R package Rmosek for the computation of the estimator.
In some settings, it is of interest to work with estimators that are also sparse. However, the use of many second order constraints makes unlikely that the estimatorβ defined by solving (2.2)-(2.3) is sparse. In such cases, we propose a thresholded version of the self-normalized conic estimatorβ. Consider the set of componentsT defined as
whereβ j are the components ofβ. We define the thresholded self-normalized conic estimator asβT (the restriction ofβ toT ).
Main results.
In this section we state our assumptions and main theoretical results.
3.1. Regularity conditions. In what follows, we consider a setting where s and p depend on n, and we state the results in the asymptotics as n tends to infinity. Condition A below summarizes the assumptions on the data generating process.
T is deterministic and the vector β 0 satisfies β 0 0 ≤ s. (ii) The elements of the random noise vector ξ = (ξ i ) n i=1 are independent zero-mean subgaussian random variables with variance parameter σ 2 ξ ≤ C. (iii) The measurement error vectors (w i ) n i=1 are independent zero-mean subgaussian random vectors with variance parameter σ 2 w ≤ C, having zero covariances:
Condition A(i) assumes a deterministic design and the performance of our estimator depends on the Gram matrix Ψ = 1 n X T X. Like in problems without measurement errors, some characteristics of Ψ play a key role in the analysis, see [8] . In this paper, we consider ℓ q -sensitivity characteristics defined for q ≥ 1 as
where C J (u) = {∆ ∈ R p : ∆ J c 1 ≤ u ∆ J 1 }, u > 0 and J ⊆ {1, . . . , p}. These sensitivity characteristics generalize other well known characteristics such as the restricted eigenvalues of [8] . One can find details on their properties in [15] where the notion of sensitivity characteristic was introduced. Sensitivity characteristics have been used previously in several papers including [15, 17, 26, 27] and [1] . For well-behaved designs that are prevalent in the literature, we have κ q (s, u) ≥ cs −1/q for u ≥ 1 and q ∈ [1, 2] , where c > 0 is a constant, see [15] . Conditions A(ii) and A(iii) are standard in the literature on high-dimensional linear regression with errors in measurements, see [1, 23] among others. Moreover, our analysis relies on the quantity m 2 := max j=1,...,p
ij which is typically uniformly bounded for many designs of interest.
For i = 1, . . . , n and j = 1, . . . , p, we define
and set
We now state the assumptions on U jk , ∆ j , p and n. Let Φ(·) denote the standard normal c.d.f.
Condition B. (i)
The estimatorΓ is a diagonal matrix and b ǫ satisfies (2.4). For some positive sequence ℓ n tending to infinity, the following conditions hold:
Condition B(i) allows for the use of data-driven estimator of Γ. Condition B(ii) is a mild moment condition and allows the application of self-normalized moderate deviation theory, see [13, 19] ij ] change across i as well. We also view Condition B(iii) a mild moment condition as it is implied by Condition A, B(ii), β 0 ∞ ≤ C and max j=1,...,p U j3 /U j2 ≤ C.
We also introduce a (computable) data-driven quantity
Here and in what follows, we assume that ǫ ∈ (0, 1) is a fixed small number. We will not require the knowledge of h ǫ to implement the method. We will only need that h ǫ τ s = o(1) as n → ∞. This is implied by mild moment conditions on z i 's and growth conditions on p and s. For many designs, h ǫ is uniformly bounded as ǫ → 0 and as the sample size grows (see Lemma 3 in the Appendix). Finally, in order to state our theoretical results below, it will be convenient to define for any β ∈ R p the vector
where
, j = 1, . . . , p.
3.2.
Properties of self-normalized conic estimator. The following theorem establishes the rates of convergence of the estimatorβ.
where C ′ > 0 is a constant that depends only on σ w and σ ξ . Then, under Conditions A and B, for n sufficiently large, with probability at least 1 − α{1 + o(1)} − 2ǫ − 9ε we have
where the constant c ′ > 0 depends only on σ w and σ ξ .
Theorem 1 provides a bound on the ℓ q -rate of convergence that depends on the critical quantities of the data generating process. Indeed, it is characterized via imsart ver. 2011/01/24 file: EIV-Pivotal_Submitted.tex date: December 21, 2017 κ q , m 2 , t(β 0 ) ∞ , β 0 2 , β 0 ∞ and b ǫ which summarizes how good the estimatê Γ is. The impact of using an estimateΓ of Γ has a factor of β 0 ∞ instead of β 0 2 .
The next corollary specifies the result of Theorem 1 for the standard configuration of the problem usually considered in the literature. It is described by the following conditions: b ǫ ≤ C log(2p/ǫ)/n, m 2 ≤ C, t(β 0 ) ∞ ≤ C(1+ β 0 2 ) and κ q (s, 3) ≥ cs −1/q for q ∈ [1, 2] with high probability. Define Ω X := {X :
We have the following result.
Corollary 1. Assume that the probability that the design matrix X belongs to Ω X tends to 1 as n → ∞, and that b ǫ ≤ C log(2p/ǫ)/n. Set ε = ǫ. Then, under the assumptions of Theorem 1, for n sufficiently large, with probability at
where C > 0, c ′ ≥ 1 are constants.
Note that Corollary 1 exhibits the minimax rate of convergence discussed in (1.2). A major point is that the estimatorβ achieves the minimax rate without needing to know β 0 2 , σ ξ , σ w or s (or invoking cross-validation) as required for the procedures previously suggested in the literature. Note that cross-validation in the problem that we consider here remains unjustified theoretically. Remark 1. If the condition on κ q (s, 3) required in Corollary 1 is not satisfied, following the same argument as in [1] , we can derive a rate of convergence that depends on β 0 1 instead of β 0 2 , namely
Next, we consider the data-driven thresholded estimatorβ T based on T defined in (2.5), and we show that it achieves the sparsity O(s), while preserving the optimal ℓ 1 and ℓ 2 rates of convergence.
Theorem 2. Let q ∈ {1, 2}. Suppose that s 1/q log(2pn/α)/n = o(1).Furthermore, assume that there exist constants 0 < c < C < ∞ such that, for any 1 ≤ j ≤ p,
Then, under the assumptions of Corollary 1, for n sufficiently large, with probability at least 1 − α − 11ε − o(1) we have
Theorem 2 shows that the estimatorβ T inherits the ℓ 1 and ℓ 2 rates of convergence ofβ and is also sparse. Estimators with this additional sparsity property have been useful in many settings, see for example [2] .
4. Numerical Experiments. In this section, we investigate the performance of the self-normalized conic estimator. In the Supplementary Material we present more detailed simulation results for different designs, which include covariates missing at random, and the thresholded version of the estimator.
We consider the data generating process (1.1) where
Here, I p×p is the identity matrix and Σ is p × p matrix with elements Σ ij = ρ |i−j| . We set σ ξ = 1, σ w = 1 and ρ = 0.5. For simplicity, we assume σ w to be known in all calculations, which means that we setΓ = σ 2 w I p×p and b ǫ = 0. The coefficients of the model are set to β 0 = (1, 1, 1, 1, 1, 0, . . . , 0) T . All results are based on 100 replications.
We compare the performance of the proposed self-normalized estimator (SNconic) with the performance of the conic estimator (Conic) of [1] , the (biased) Lasso estimator of y on z, and the no measurement error Lasso estimator with y on the unobserved x. For numerical comparison, we report the bias, the average accuracy in ℓ 2 , and the prediction risk X(β − β 0 ) 2 / √ n for each estimator. The
Conic estimator is tuned assuming that σ ξ = 1 is known (τ = σ ξ log(p/ε)/n) while the SN-conic has its penalty parameter set to τ = The SN-conic estimator provides good results at all three levels of p considered in the simulations, with the performance deteriorating slightly with increase in p. Results, reported in Table 1 , support our theoretical results regarding consistency of the proposed estimator. We also observe that SN-conic estimator outperforms the Conic estimator in most of the designs considered. This is attractive as the latter was tuned based on knowing σ w and σ ξ whereas the SN-conic estimator does not need the knowledge of these parameters. Another, more obvious observation is the poor performance of (biased) Lasso method that disregards the presence of the measurement error.
Additional simulations are provided in the Supplementary Material, including the case of covariates missing at random. The Supplementary Material also presents results for the proposed thresholded estimator, different choices of parameter, and other estimators in the literature. Table 1 For each estimator we report the bias, average ℓ2-loss (average of β − β 2 over replications) and the average prediction risk (PR) given by X(β − β) 2/ √ n.
APPENDIX A: MAIN PROOFS
We set T = supp(β 0 ) with |T | ≤ s. We begin by stating a technical lemma.
Lemma 1. For a ≥ 1 and γ > 0, we have
The next lemma deals with (β,t,û) defined as the solution to (2.2)-(2.3). Lemma 2. Under Conditions A and B, for τ = n −1/2 Φ −1 (1 − α/(2p)), we have that β 0 is feasible in the pivotal conic programming (2.2) with probability at least 1 − α{1 + o(1)} − ǫ for n sufficiently large. On that event, we have
In addition, using λ u = 1/4 and λ t = 1/{4H n }, we haveβ − β 0 ∈ C T (3).
Proof of Lemma 2.
We now show that the triplet (β 0 , t(β 0 ), |β 0 |) is feasible with high probability. Indeed, the probability that the triplet (β 0 , t(β 0 ), |β 0 |) violates any constraint satisfies
where we used that
We now bound each term in the last display separately. By Condition A, note that U ij is a zero-mean random variable. Therefore, applying Lemma 7.4 in [13] together with Condition B that implies
where ℓ n → ∞, we have 
is smaller than
. . , n} satisfies the moderate deviation condition for self-normalized sums since {U ij : i = 1, . . . , n} satisfies it by Condition B. Therefore we get
Note that if
and by Condition B, for all j such that ∆ j := |β 0j | max 1≤i≤n |Γ i,jj − Γ jj | > 0,
Hence,
To bound the first term of the RHS of (A.2), set
by Hoeffding's inequality. Moreover,
. Then, taking t = A n /2, and using Condition B, we have for any j such that ∆ j > 0:
by Condition B(iii) since {Φ −1 (1 − α/(2pn))} 2 ≥ c ′ log(2pn/α) for some universal c ′ > 0 and ℓ n c ′ ≥ 1 for n sufficiently large. By the union bound, this implies
Combining (A.1), (A.2), (A.3), and using the convergence ℓ n → ∞ and the union bound, we find that the triplet (β 0 , t(β 0 ), |β 0 |) is feasible with probability at least 1 − α{1 + o(1)} − ǫ.
If the triplet (β 0 , t(β 0 ), |β 0 |) is feasible for the problem above, it follows that
By (A.4), and the inequalities t(β) ∞ ≤ t ∞ and β ∞ ≤ û ∞ from the definition of the estimator, we have that
Thus for H n = max j=1,...,p
and the inequality on û ∞ stated in the lemma follows. We now establish the last claim of the lemma. From (A.4), and the inequalities
4Hn , λ u = 1/4, and using the fact that β 1 = β T 1 + β T c 1 , we obtain
We now bound separately the terms on the RHS in (A.6).
As shown at the end of this proof, the second term in (A.6) is bounded with probability at least 1 − 6ε as follows:
where the quantities δ i (ε) are defined in Appendix B.1. By Condition B, the third term in (A.6) is bounded with probability at least 1 − ǫ as follows:
Lemma 4 provides, with probability at least 1 − 2ε, the following bound on the fourth term in (A.6) :
Finally the last term in (A.6) is bounded, with probability at least 1 − ε, again via Lemma 4:
Therefore, with probability at least 1 − 9ε − ǫ we have where
Here, C ξw is a positive constant depending only on σ ξ and σ w , and the bounds hold for n large enough under the condition C ξw log(p/ε) = o(n). Next, we bound the first term in (A.6). By the feasibility of (β,t,û) in (2.2) we have
By Lemma 2 and the choices λ t = 1/{4H n } and λ u = 1/4, with probability 1 − α{1 + o(1)} − ǫ we haveβ − β 0 ∈ C T (3) and the bounds on t ∞ and û ∞ apply, so that
Next, on the eventβ − β 0 ∈ C T (3) we bound the LHS of (A.8) from below via the ℓ q -sensitivity. Plugging that lower bound and (A.9) in (A.8) we find
2 ) log(2p 2 /ε)/n with probability 1 − ǫ where C ′ = σ w ∨ C wξ is bounded by a constant since
Thus under the condition of the theorem on κ q (s, 3), we have with probability
The result follows by noticing that (1 + τ )b ǫ ≤ 2b ǫ ≤ 2τ ∞ for large enough n. Proof of (A.7). We have
By Lemma 4 we get, with probability at least 1 − 3ε,
Finally, Lemma 5 and Lemma 4 yield that, with probability at least 1 − 3ε,
Proof of Corollary 1. By Theorem 1 with probability 1−α{1+o(1)}−11ε we have
Under the additional condition X ∈ Ω X , we have by Lemma 3 that P (H n ≤ C) ≥ 1 − o(1). Therefore we have that with probability 1
Using the triangle inequality, we obtain
where (i) follows from the inequality Γ − Γ ∞ ≤ b ε which holds with probability 1− ε by Condition B, (ii) follows from the Cauchy-Schwarz inequality, and (iii) from the triangle inequality. On the event X ∈ Ω X , we have max j≤p
. . , n, j = 1, . . . , p, are σ w -subgaussian random variables with σ w ≤ C. Therefore, by Lemmas 6 and 7, max i≤n,j≤p
, and
where we have used the relation log 3 (2p) = o(n) following from Condition B(ii). Then using Markov's inequality and the fact that w i 's are subgaussian, with probability 1 − o(1) we get max j≤p
) with probability 1 − o(1). Indeed, each of the random variablesξ i := ξ i − w T i β 0 is subgaussian with parameter bounded by C(1 + β 0 2 ). Thus we have
Therefore, using Markov's inequality, we get with probability at least 1 − n −1/2 , Thus with probability 1 − ε − o(1) we have
Since τ = n −1/2 Φ −1 (1 − α/(2p)) ≤ C log(2p/α)/n, b ε ≤ C log(2p/ε)/n and β 0 ∞ ≤ β 0 2 , the result follows.
APPENDIX B: AUXILIARY LEMMAS
Proof of Lemma 3. We have
Note that
Since w ij are σ w -subgaussian random variables with σ w ≤ C, Lemma 6 yields
pn). This and Lemma 7 imply
where the last equality follows from the relation Φ −1 (1 − α/(2p)) = o(n −1/6 ). The result now follows since Γ ∞ is bounded:
B.1. Bounds on the stochastic error terms. The following technical lemmas were proved in [1] and [27] and are stated here for completeness. For a square matrix A, we denote by Diag{A} the matrix with the same dimensions as A, the same diagonal elements, and all off-diagonal elements equal to zero. Lemma 4. Let 0 < ε < 1 and assume Condition A holds. Then, with probability at least 1 − ε (for each event),
and for an integer N , ̟(ε, N ) = max γ 0
, where γ 0 , t 0 are positive constants depending only on σ ξ , σ w .
Lemma 5. Let 0 < ε < 1, θ * ∈ R p and assume that Condition A holds. Then, with probability at least 1 − ε,
. In addition, with probability at least 1 − ε,
where δ ′ 4 (ε) = max γ 2 2 log(2p/ε) n , 2 log(2p/ε) t 2 n , and γ 2 , t 2 are positive constants depending only on σ w .
Lemma 6. (1) If X is a centered subgaussian random variable with parameter γ, it follows that for any
. . , N , is a collection of centered subgaussian variables with parameter γ, then for k ≥ 1 we have E max j≤N |X j | k ≤ γ k log k/2 (N C k ) for some constant C k that depends only on k.
Lemma 7. (e.g., [1] ) Let X i , i = 1, . . . , n, be independent random vectors in
for some universal constant C. Proof of Lemma 1. Note that log(1 − Φ(t)) is a concave function so that the supergradient inequality yields
where φ denotes the Gaussian density function. The result follows by noting that
1−Φ(t) ≤ {t 2 + 1}/t ≤ 2t if t ≥ 1, and exponentiating both sides of the inequality.
Proof of Theorem 2. Recall that
Then we can write the threshold in the jth component of the estimator asv j = τ t j (β)/
We first derive upper and lower bounds on t j (β) by controlling the value
via triangle inequality and using the bracketing
that holds by assumption. By (A.5) we have with probability 1 − o(1)
since H n ≤ C with probability 1 − o(1) by Lemma 3 when X ∈ Ω X , Condition A and B hold, and β − β 0 1 = o(1 + β 0 2 ) by Theorem 1 with α = log n under the assumed condition s 1/q log(2pn/α)/n = o(1) for q ∈ {1, 2}. Moreover, we have
under our conditions that imply b ε = o(1). Next, Lemma 7 implies
where we used the inequalities max i≤n,j≤p |x ij | ≤ n 1/4 max i≤n,j≤p 
where we used Markov's inequality, (B.2) and the fact that log 2 (n) log 2 (pn) = o(n), which is due to the relation Φ −1 (1 − α/(2pn)) = o(n 1/6 ) in Condition B(ii).
Thus, uniformly over j ∈ {1, . . . , p}, we have
This implies that |t j (β)| satisfies, with high probability, the same bracketing as
ij is bounded away from zero and from above by constants uniformly in j with probability 1 − o(1), we have min j≤pvj ≥ cτ (1 + β 0 2 ) and max j≤pvj ≤ Cτ (1 + β 0 2 ). Applying (B.4) in Lemma 8 given below with ν min = min j≤pvj and Corollary 1 with q = 1 we get
where we have used the fact that τ = n −1/2 Φ −1 (1 − α/(2p)) ≥ 2 log(2p/α)/n. Similarly, to prove the bounds on the ℓ 1 and ℓ 2 errors of the thresholded estimator, we use inequalities (B.3) and (B.5) in Lemma 8 below with ν max = max j≤pvj , the bounds of Corollary 1 with q ∈ {1, 2}, and the fact that τ ≤ C log(2p/α)/n.
The following lemma provides bounds for general thresholded estimators (see also a related lemma in [6] ).
Lemma 8. Letβ, β 0 ∈ R p be such that β 0 0 ≤ s. Denote byβ ν = (β ν 1 , . . . ,β ν p ) the vector obtained by thresholding the componentsβ j ofβ as follows:β ν j = β j 1{|β j | ≥ ν j } where ν j are positive numbers. Then,
where ν max = max j≤p ν j and ν min = min j≤p ν j .
Proof of Lemma 8. Let T = supp(β 0 ). The bound (B.3) follows from the chain of inequalities
To prove the bound (B.4), setT = supp(β ν ), and note that
. We now show (B.5). By the triangle inequality,
Without loss of generality assume that the order of the components is such that |β ν j −β j | is non-increasing in j. Let T 1 be the set of indices j corresponding to the s largest values of |β ν j −β j |. Similarly, define T k as the set of indices corresponding to the s largest values of
view of the monotonicity of the components. Thus,
where we have used the bound |β ν j −β j | ≤ ν j valid for all j, and then (B.3). Inequality (B.5) follows by combining the last display with (B.6).
C. Supplementary Material: Numerical and Optimizational Issues.
The pivotality of the self-normalized estimator is achieved by the introduction of p second order cone constraints which is more computationally demanding than the 2p linear constraints (associated with the near zero score condition). In order to solve the optimization problem defined in (2.2), it is convenient to formulate it as min
where θ is a vector that contains the positive and negative parts of β and auxiliary variables, and K is the cartesian product of non-negative cones and second order cones. The introduction of residual variables ε i = y i − z T i (β + − β − ) proves to be helpful in the implementation to further exploit sparsity in the design matrix in the p second order constraints. Indeed the additional residual variables allow us to write the second order constraints for j = 1, . . . , p as
The difference in these representations come from what multiplies β + − β − . In the first formulation, diag(z 1j , z 2j , . . . , z pj ) multiplies ε while eΓ j· multiplies β + − β − . In the second formulation we have −z ·j z T i + eΓ j· multiplying β + − β − where e is the n-vector of ones. These three matrices have n rows but they are sparse in the first formulation and typically dense in the second formulation. Since these matrices are formed p times (one for each j), this has non-negligible consequences on the software performance.
D. Supplementary Material: Additional Simulations.
In this section, we provide additional simulations to illustrate the finite sample performance of the self-normalized conic estimator and its thresholded version. We consider both the additive errors in variables (EIV) and the covariates missing at random. The latter is a setting where the bias correction matrix is estimated from the data, while for the additive EIV setting we assume for simplicity that this matrix is known.
Case 1 -Additive EIV: consider the data generating process where ξ i , w i , and x i are independent and Gaussian. More precisely we set ξ i ∼ N (0, σ 2 ξ ), w i ∼ N (0, σ 2 w I p×p ), and x i ∼ N (0, Σ) where I p×p is an identity matrix and Σ is a p × p matrix with elements Σ ij = ρ |i−j| . We set σ ξ = 1, σ w = 1 and ρ = 0.5. We assume σ w to be known in all calculations so we setΓ = σ 2 w I p×p so that b ǫ = 0. Case 2 -Covariates missing at random: here we consider the case where the error in measurements represents missing data. For this purpose we follow the framework of [27] , i.e., we observe (y i ,z i , η i , i = 1, . . . , n) wherẽ z ij = x ij η ij , η ij i.i.d Bernoulli with parameter 1 − π, the r.v.'s ξ i , and x i are generated as for Case 1 and η ij = 0 indicates that we are missing the observation x ij . For numerical comparisons, the parameter π is chosen uniformly from the interval (0.1, 0.75) for each simulated repetition. The bias correction matrix is estimated as described in [27] and we set b ǫ = c log(2p/ǫ)/n, c = 0.25, ǫ = 0.05.
We consider two types of coefficients β 0 : (i) β 0 = (1, . . . , 1, 0, . . . , 0) where the first six coefficients are set to one, (ii) β 0 = (1, The estimators proposed in this paper, namely the self-normalized estimator (SN-conic) and its thresholded version (SN-conic thresholded) are compared with the conic estimator (Conic) proposed in [1] . We also consider the refitted estimator (SN-conic refitted) defined as follows: We first find the selected set of variables for the thresholded SN-conic estimator and then compute the SN-conic estimator for the model restricted to this set. We provide additional benchmarks for the performance, namely the biased and the no measurement error Lasso and Dantzig selector respectively. The biased versions are obtained with the observed design variables z i 's and the no measurement error versions are computed with the unobserved design variables x i 's. We report the following metrics which are computed based on 100 simulated repetitions:
false positives (FP, expected number of misidentified zero elements of β 0 ), false negatives (FN, expected number of misidentified non-zero elements of β 0 ), and time (average computation time in seconds (CPU: i7@3.1GHz, 16GB RAM)). The conic estimator is tuned assuming that σ ξ = 1 is known and setting τ = log(p/α)/n while the SN-conic has its penalty parameters set to τ = cn −1/2 Φ −1 (1 − α/2p), c = 1, 0.5, α = 0.05 and λ t = 1, λ u = 0.25. Similarly to the conic estimator, Lasso and Dantzig selector are also tuned assuming that σ ξ = 1 and we set their regularization parameters to 2cn −1/2 Φ −1 (1−α/(2p)) where c = 1.1, α = 0.05 (as suggested in [4] ), and 2(log p)/n, respectively. Computations are performed in R using the optimization software Mosek, an interior point methods solver, wrapped through the R package Rmosek. The Dantzig selector is computed via the R package quantreg [22] .
The proposed methods, SN-conic, SN-conic thresholded and SN-conic refitted provide good results at all three levels of p considered in the simulations, with the performance deteriorating slightly with increase in dimension. The results for the additive error case are reported in Tables 2 to 5 and the results for the missing covariates case are reported in Tables 6 to 9 . These numerical findings support our theoretical results regarding consistency of the proposed methods. The poor performance of biased Lasso and Dantzig selector highlights the impact of disregarding errors in variables. The self-normalized estimators at c = 1/2 outperform the Conic estimator in all designs considered. At c = 1 the SN-conic refitted estimator outperforms the Conic estimator at higher dimensions (p = 100 and p = 400) and they are competitive at p = 10. We note that the (non selftuning) Conic estimator provides a slightly better efficiency in comparison to SN-conic and SN-conic thresholded at c = 1.
Among the self-normalized estimators proposed here, the main difference between SN-conic thresholded and SN conic is in the significantly reduced number of false positives in the thresholded version. This comes at a price of a slightly higher false negative rate especially in the case where the coefficients are not well separated from zero, see Tables 4, 5, 8, 9 . Another expected outcome is the reduction in bias obtained via the refitted version. Lastly, in context of computation time it may be of interest to note that it is an average of computation times over 100 replications running parallel on 8 cores and is thus subject to additional computational overhead time per instance, induced by the parallel processing. The computation times for running a dedicated single instance for all of the estimators are three to five times faster. n = 300 β = (1, 1, 1, 1, 1, 1, 0 Table 2 Additive error: numerical comparisons with separated coefficients at n = 300 n = 400 β = (1, 1, 1, 1, 1, 1, 0 Table 5 Additive error: numerical comparisons with unseparated coefficients at n = 400 imsart ver. 2011/01/24 file: EIV-Pivotal_Submitted.tex date: December 21, 2017 n = 300 β = (1, 1, 1, 1, 1, 1, 0 Table 6 Missing covariates: numerical comparisons with separated coefficients at n = 300 n = 400 β = (1, 1, 1, 1, 1, 1, 0 Table 8 Missing covariates: numerical comparisons with unseparated coefficients at n = 300 n = 400 β = (1, 1/2, 1/3, 1/4, 1/5, 1/10, 0 Table 9 Missing covariates: numerical comparisons with unseparated coefficients at n = 400
